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De�ning Duration Data

De�nition of Duration Data

The duration of time that units spend in a state before experiencing

some event.

We know when observations enter the process and when the process

ends

We are interested in relationship between length of the observed

duration and covariates (independent variables)
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De�ning Duration Data

Examples of Duration Data

Why do coalition governments fail?

How do politicians keep their legislative seats over time, in spite of

unfavourable conditions?

Why to military con�icts persist or fail to persist?
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De�ning Duration Data

Duration Models are Comparative

Event history data contains information on many observations

(individuals, politicians, wars, patients, etc.).

Explicit comparative inferences can be made regarding di�erences

across the cases.
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De�ning Duration Data

Examples of Duration Data

Table: Examples of Event History Data: Military Interventions

Intervenor Target Duration Contiguous Censured

UK Albania 1 0 0

El Salvador Honduras 657 1 0

U.S. Panama 274 0 1

Bulgaria Greece 12 1 0

Taiwan China 7456 1 0

Botswana S. Africa 1097 1 0

Uganda Kenya 409 1 0

Israel Egypt 357 1 0

Malawi Mozambique 631 1 1

India Pakistan 173 1 0
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De�ning Duration Data

The Data: Coalition Durations

+---------------------------------------------------------------------------------+
| DURAT BELGIUM SALIEN OPPINFL ROPINFL VOLAT RESPONSE |
|---------------------------------------------------------------------------------|

1. | 3 yes 190.4412 high 4 93 split, majority winner |
2. | 7 yes 190.4412 high 4 93 split, majority winner |
3. | 20 yes 190.4412 high 4 93 winner only |
4. | 6 yes 190.4412 high 4 93 winner only |
5. | 7 yes 190.4412 high 4 93 winner only |

|---------------------------------------------------------------------------------|
6. | 2 yes 261.2745 high 4 62 winner only |
7. | 17 yes 261.2745 high 4 62 winner only |
8. | 27 yes 261.2745 high 4 62 winner only |
9. | 49 yes 261.2745 high 4 62 even split |

10. | 4 yes 261.2745 high 4 62 winner only |
|---------------------------------------------------------------------------------|

11. | 29 yes 261.2745 high 4 62 even split |
12. | 49 yes 365.4412 high 4 106 losers only |
13. | 6 yes 365.4412 high 4 106 losers only |
14. | 23 yes 365.4412 high 4 106 even split |
15. | 41 yes 365.4412 high 4 106 losers only |

|---------------------------------------------------------------------------------|
16. | 10 yes 261.2745 high 4 71 even split |
17. | 12 yes 261.2745 high 4 71 split, majority loser |
18. | 2 yes 261.2745 high 4 71 even split |
19. | 33 yes 261.2745 high 4 71 split, majority loser |
20. | 1 yes 261.2745 high 4 71 even split |

|---------------------------------------------------------------------------------|
21. | 16 yes 261.2745 high 4 71 even split |
22. | 2 yes 261.2745 high 4 71 even split |
23. | 9 yes 261.2745 high 4 71 split, majority winner |
24. | 3 yes 232.1079 high 4 97 even split |
25. | 5 yes 232.1079 high 4 97 split, majority winner |

+---------------------------------------------------------------------------------+
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De�ning Duration Data

Cabinet Duration Data from King et al

Figure: Cabinet Duration Data from King et al
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The Probability Distribution for Analyzing Duration Data

The Survival Function

The Survival Function is the probability that the duration of some

episode (a cabinet for example) is at leat t, and that the event by which

the current episode comes to an end occurs later than t.

S(t) = Pr(T ≥ t) = 1− F (t) (1)

which gives the probability that the episode (the cabinet) is of length

(duration) at least t.
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The Probability Distribution for Analyzing Duration Data

The Hazard Rate

The Hazard Rate gives the rate at which episodes are completed at

duration t, given that they lasted until t.

h(t) = lim
∆→0

Pr(t ≥ T < t+ ∆|T ≥ t)
∆

= lim
∆→0

F (t+ ∆)− F (t)
S(t)

=
f(t)
S(t)

(2)

The issue then is what distribution should we use for F(·)
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The Probability Distribution for Analyzing Duration Data

The Exponential Distribution

This is the simplest distribution for modeling duration data.

The Proportional Hazard version of the model is the following:

I The hazard function h(t) = λ, where λ = exb

I And the survival function S(t) = e−λt.

I Positive coe�cients on covariates indicate increasing hazards and
decreasing survival time
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The Probability Distribution for Analyzing Duration Data

The Exponential Accelerated Failure Time Model

The Accelerated Failure Time version of the model is the following:

I The hazard function h(t) = λ, where λ = e−xb

I And the survival function S(t) = e−λt.

I Positive coe�cients on covariates indicate decreasing hazards
(increasing failure time) and increasing survival time
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The Probability Distribution for Analyzing Duration Data

The Exponential Distribution

Figure: Exponential Survival
0

.2
.4

.6
.8

1
S

ur
vi

va
l

0 2 4 6 8 10
time

Lambda=1 Lambda=.75

Lambda=.5 Lambda=.1

Raymond Duch (Nu�eld College) Intermediate Social Statistics March 9, 2010 12 / 24



The Probability Distribution for Analyzing Duration Data

The Data: Coalition Durations

. streg, distribution(exponential) time

failure _d: 1 (meaning all fail)
analysis time _t: DURAT

Iteration 0: log likelihood = -460.73222
Iteration 1: log likelihood = -460.73222

Exponential regression -- accelerated failure-time form

No. of subjects = 313 Number of obs = 313
No. of failures = 313
Time at risk = 5789

LR chi2(0) = 0.00
Log likelihood = -460.73222 Prob > chi2 = .

------------------------------------------------------------------------------
_t | Coef. Std. Err. z P>|z| [95% Conf. Interval]

-------------+----------------------------------------------------------------
_cons | 2.917512 .0565233 51.62 0.000 2.806728 3.028295

------------------------------------------------------------------------------

.
end of do-file
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The Probability Distribution for Analyzing Duration Data

The Exponential Distribution

The hazard rate is λ = e−2.917 = .054.

The expected duration, expressed in months, of a typical cabinet

government in this data set is then:

E(Yi) =
1
λ

=
1

e−2.917
= 18.5
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The Probability Distribution for Analyzing Duration Data

Adding a Systematic Component to the Exponential

Distribution

The Hazard Function incorporating explanatory variables is

h(t) = λi = e−(β0+βkxi)

(3)

The Survivor Function then can be estimated as.

S(t) = exp(−λt) = exp(−eβ0+βkxit) (4)
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The Probability Distribution for Analyzing Duration Data

The Data: Coalition Durations

. streg BELGIUM-SWEDEN, distribution(exponential) time
failure _d: 1 (meaning all fail)

analysis time _t: DURAT
Iteration 0: log likelihood = -460.73222
Iteration 1: log likelihood = -427.33351
Iteration 4: log likelihood = -422.37542
Exponential regression -- accelerated failure-time form
No. of subjects = 313 Number of obs = 313
No. of failures = 313
Time at risk = 5789

LR chi2(14) = 76.71
Log likelihood = -422.37542 Prob > chi2 = 0.0000
------------------------------------------------------------------------------

_t | Coef. Std. Err. z P>|z| [95% Conf. Interval]
-------------+----------------------------------------------------------------

BELGIUM | -.6171175 .3054608 -2.02 0.043 -1.21581 -.0184254
CANADA | -.0073727 .3483152 -0.02 0.983 -.690058 .6753126

DENMARK | -.3548504 .3170019 -1.12 0.263 -.9761626 .2664619
FINLAND | -.7440277 .3017973 -2.47 0.014 -1.335539 -.152516
FRANCE | -1.832701 .3054608 -6.00 0.000 -2.431394 -1.234009

ICELAND | -.0637419 .3429971 -0.19 0.853 -.7360039 .6085202
IRELAND | .0442898 .3542459 0.13 0.901 -.6500194 .738599
ISRAEL | -.6717962 .3170019 -2.12 0.034 -1.293108 -.0504839
ITALY | -1.077935 .288468 -3.74 0.000 -1.643322 -.5125485

NETHER | -.1903214 .3429972 -0.55 0.579 -.8625835 .4819407
NORWAY | -.19697 .3298841 -0.60 0.550 -.8435309 .449591
PORTUG | -1.015143 .3985267 -2.55 0.011 -1.796241 -.2340449
SPAIN | -.0180909 .6262242 -0.03 0.977 -1.245468 1.209286

SWEDEN | -.19697 .3298841 -0.60 0.550 -.8435309 .449591
_cons | 3.385387 .2425356 13.96 0.000 2.910026 3.860748

------------------------------------------------------------------------------
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The Probability Distribution for Analyzing Duration Data

Adding a Systematic Component to the Exponential

Distribution

Having added a systematic component to the exponential hazard

function we can now calculate the expected cabinet duration for each

of the countries in our data set.

The UK case for example (which is captured by the intercept) is

E(Yi) =
1
λ

=
1

e−3.385
= 29.5

And the Italian case is.

E(Yi) =
1
λ

=
1

e−(3.385−1.08)
= 10.05
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The Probability Distribution for Analyzing Duration Data

Average Coalition Duration

+-----------------------------------+
| country meantime haz |
|-----------------------------------|

1. | Belgium 15.93103 .0627706 |
2. | Canada 29.31249 .0341151 |
3. | Denmark 20.70833 .0482897 |
4. | Finland 14.03226 .0712644 |
5. | France 4.724138 .2116788 |

|-----------------------------------|
6. | Iceland 27.70588 .0360934 |
7. | Ireland 30.86665 .0323974 |
8. | Israel 15.08333 .0662983 |
9. | Italy 10.04878 .0995146 |

10. | Netherlands 24.41176 .0409639 |
|-----------------------------------|

11. | Norway 24.25 .0412371 |
12. | Portugal 10.7 .0934579 |
13. | Spain 29 .0344828 |
14. | Sweden 24.25 .0412371 |
15. | UK 29.52941 .0338646 |

+-----------------------------------+
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The Probability Distribution for Analyzing Duration Data

Adding a Systematic Component to the Exponential

Distribution

Rather than simply distinguishing the hazard rates by country we can

incorporate features of these countries as independent variables in the

hazard function.

h(t) =exp(−[β0 + β1Country Attributes + β2Party Structure Attributes

(5)

+ β3Coalition Attributes])
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The Probability Distribution for Analyzing Duration Data

Censuring

Observations of events are very often censored.

Censoring occurs when the information about the duration in the

origin state is incompletely recorded.

Left Censoring occurs when the starting times of an episode are

located before the beginning of the observational window.

Right Censoring occurs because the observation is terminated at the

right-side of the observation window.
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The Probability Distribution for Analyzing Duration Data

Censuring: Coalition Example

In the cabinet duration example, right censuring is a consideration

that needs to be incorporated into the model.

There are two distinct types of observed cabinet durations.

The largest group of observed coalitions are those that break apart

due to some critical events. These are uncensored observations for

which we have exact time of failure. We will de�ne di = 1 for these

uncensored observations.

The second group consists of those that come close to their

constitutional inter-election period (CIEP). These are the censored

observations and we only have information on the fact that they have

survived at least to time Ti. We will de�ne di = 0 for these censored

observations.
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The Probability Distribution for Analyzing Duration Data

Censuring: De�ned

The complete censored likelihood is then a mixture of continuous

(observed) and discrete (censored) observations.

lnL =
N∑
i=1

{
di ln

[
e−Xiβe−(e−Xiβt)

]
+ (1− di) ln

[
e−(e−Xiβt)

]}
=

N∑
i=1

{
di

[
(−Xiβ)(−e−Xiβt)

]
+ (1− di)(−e−Xiβt)

}
(6)

where di takes on the value of one for uncensored observations, and zero

otherwise. Hence notice the only unknown in the likelihood function is β.
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The Probability Distribution for Analyzing Duration Data

Fully Speci�ed Model with Censuring

. streg IDENT POPINFL INVEST VOLAT ///
> RESPONSE FRACT POLAR NUMST2 CRISIS OPPCONC FORMAT, nohr distribution(exponential) time

failure _d: CIEP12
analysis time _t: DURAT

Iteration 0: log likelihood = -496.39175
Iteration 1: log likelihood = -455.13853
Iteration 4: log likelihood = -436.46511
Iteration 5: log likelihood = -436.46511
Exponential regression -- accelerated failure-time form
No. of subjects = 313 Number of obs = 313
No. of failures = 270
Time at risk = 5789

LR chi2(11) = 119.85
Log likelihood = -436.46511 Prob > chi2 = 0.0000
------------------------------------------------------------------------------

_t | Coef. Std. Err. z P>|z| [95% Conf. Interval]
-------------+----------------------------------------------------------------

IDENT | .340261 .1432652 2.38 0.018 .0594663 .6210557
POPINFL | .071121 .2195679 0.32 0.746 -.3592242 .5014663
INVEST | -.3700965 .170434 -2.17 0.030 -.704141 -.0360519
VOLAT | .0002848 .0011019 0.26 0.796 -.0018749 .0024444

RESPONSE | -.00048 .0429063 -0.01 0.991 -.0845748 .0836148
FRACT | -.0005707 .0011007 -0.52 0.604 -.0027279 .0015866
POLAR | -.0232734 .0100109 -2.32 0.020 -.0428945 -.0036523

NUMST2 | .4962359 .1531668 3.24 0.001 .1960345 .7964373
CRISIS | .0083382 .0023954 3.48 0.000 .0036434 .0130331

OPPCONC | .1294083 .087883 1.47 0.141 -.0428392 .3016557
FORMAT | -.0782494 .0485587 -1.61 0.107 -.1734227 .0169238
_cons | 2.8698 1.02284 2.81 0.005 .8650692 4.87453

------------------------------------------------------------------------------
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The Probability Distribution for Analyzing Duration Data

Average Coalition Duration in Fully Speci�ed Model

+-----------------------------------+
| country meantime haz |
|-----------------------------------|

1. | Belgium 17.03443 .0681892 |
2. | Canada 47.20558 .0240864 |
3. | Denmark 22.45923 .0580686 |
4. | Finland 16.95561 .0775819 |
5. | France 6.958303 .1641795 |

|-----------------------------------|
6. | Iceland 32.85577 .0425343 |
7. | Ireland 28.84973 .0377387 |
8. | Israel 22.38428 .0558742 |
9. | Italy 8.88159 .1245141 |

10. | Netherlands 34.23247 .0415503 |
|-----------------------------------|

11. | Norway 34.46441 .0305163 |
12. | Portugal 28.40756 .0375801 |
13. | Spain 21.55596 .057197 |
14. | Sweden 37.98434 .0306388 |
15. | UK 51.94485 .0201483 |

+-----------------------------------+
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